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Abstract
In this paper we consider Huang–Li nonlinear financial system recently studied in the literature. It
has the form of three first order differential equations
x˙ = z+ (y− a)x, y˙ = 1− by− x2, z˙ = −x− cz,
where (a, b, c) are real positive parameters. We show that this system is not integrable in the class of
functions meromorphic in variables (x, y, z). We give an analytic proof of this fact analysing proper-
ties the of differential Galois group of variational equations along certain particular solutions of the
system.
1. Introduction
Application of theory of nonlinear dynamics, especially chaos theory, in economics and financial
systems was first suggested by May and Beddington in 1975 [20, 2]. From that moment researchers
found chaotic behaviour in various existing models and recently a new models with very complex
dynamic are being created. Examples are the forced van der Pol model [4, 5], Kaldorian model [12, 22],
IS-LM model [6, 7], Goodwin’s accelerator model [13] and Huang–Li nonlinear financial model [9],
to cite just a few.
Recently the last model, mostly refereed as a ”chaotic finance system”, is intensively studied. It is
described by the following three-dimensional system
x˙ = z+ (y− a)x,
y˙ = 1− by− x2,
z˙ = −x− cz,
(1.1)
where (x, y, z) are time-dependent variables and (a, b, c) are real non-negative parameters. Here x
represents the interest rate, y is the investment demand, z is the price index. Parameters (a, b, c) denote
saving amount, cost per investment and elasticity demand of commercial markets, respectively.
The complex behaviour of the system (1.1) has been noted first by Ma and Chen in 2001 [15,
14]. Then, variety of the papers were published where the dynamics of this model was investi-
gated by means the various methods and techniques such as: Lyapunov exponents and bifurcation
diagrams [8, 28]; synchronizations with linear and nonlinear feedbacks [29, 30], adaptive [10], slid-
ing mode [11] and passive [11] control methods [11]; control via linear, speed and time-delay feed-
backs [27, 3].
To get an idea about the complexity of the system we made several Poincare´ cross sections. This
technique is based on simply intersections of trajectories with a suitably chosen plane of section. As
a result we obtain a pattern on plane formed from intersection points of phase curves with the inter-
section plane, that is easy to visualize and interpret. In Figuers 1 and 4 we show such sections. They
were generated for certain values of parameters (a, b, c). The cross-section planes are specified as
y = 0 and y = 1.5, respectively. The coordinates on these planes are (x, z). Figure 1 presents first sec-
tion and the magnification around its centre. Surprisingly, even for zeroth values of the parameters,
the system reveals very rich dynamics. We can detect three types of motion: periodic, quasi-periodic
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(a) Global portrait (b) Magnification of the central region
Figure 1: Poincare´ cross sections of the system (1.1) for a = b = c = 0, on the surface y = 0
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Figure 2: Stable periodic motion of the system (1.1) for the parameters: a = b = c = 0, with the initial condition: (x0, y0, z0) =
(0, 0, 2.21)
and chaotic, see Figs. 2 and 3 presenting periodic and quasi periodic solutions. In fact the Poincare´
section visible in Figure 1 is similar to those for conservative systems. Whereas Figure 4 posses totally
different structure. For chosen values of parameters given in captions in Figure 4, we obtain shapely
elegant strange attractors of the fractal structure, i.e., their posses the hidden layers structure preserv-
ing self-similarity, see Figure 5 showing magnifications of the right-bottom region of the Figure 4(a).
The complex behaviour of this model apparent from the Poincare´ cross sections as well as previ-
ously mentioned methods and techniques, suggests its non-integrability. But these numerical signs of
non-integrability were obtained only for chosen values of parameters. The high sensitivity of chaotic
systems to change the initial conditions makes it impossible to predict the effects of economic deci-
sions in the long time scale. Therefore, it is crucial to ask whether there exists any set of values of
parameters for which this system is integrable. It is very important question from the economical
point of view to avoid undesirable trajectories and make the precise economic prediction possible.
However, it is technically impossible to make the numerical analysis for all values of parameters. For
finding integrable cases one needs a strong tool to distinguish values of parameters for which the
system is suspected to be integrable.
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Figure 3: Quasi periodic motion of the system (1.1) for the parameters: a = b = c = 0, with the initial condition: (x0, y0, z0) =
(0, 0, 1.6)
(a) Parameters: a = 1, b = 0.001, c = 0.8 (b) Parameters: a = 1, b = 0.1, c = 0.95
Figure 4: Poincare´ cross sections of the system (1.1) on the surface y = 1.5
2. Integrability analysis
For Hamiltonian systems for which we have a precise notion of integrability, i.e., integrability in
the Liouville sense, there are many approaches to the integrability studies: Hamilton-Jacobi theory,
normal forms, perturbation theory, splitting of separateness and recently, the Morales–Ramis theory
based on the differential Galois approach. Whereas for non-Hamiltonian systems there is no so many
approaches. It is due to the fact that for non-Hamiltonian systems there is no a commonly accepted
definition of the integrability Thus, we should first specify what, in the considered context, the inte-
grability means.
Definition 1. For a given n-dimensional system
x˙ = v(x), x = (x1, . . . , xn)T ∈ Cn, (2.1)
by B-integrability we understand the existence of 1 ≤ k ≤ n functionally independent first integrals F1, . . . , Fk,
and n− k symmetries, i.e., vector fields w1(x) = v(x), . . . ,wn−k(x) such that
[wi,wj] = 0, and wj[Fi] = 0, for 1 ≤ i ≤ k, 1 ≤ j ≤ n− k. (2.2)
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Figure 5: Magnification of the right bottom region of Fig. 4(a) showing fractals structure.
Then we say that the system is integrable by quadrature.
In this definition, the second condition means that functions F1, . . . , Fk are common first integrals
of vector fields w1, . . . ,wn−k. It can be shown that if a system (2.1) is B-integrable, then it is integrable
by quadrature. That is, all its solutions can be obtained by means of finite sequence of algebraic
operations and calculations of primitive functions.
The aim of this letter is to check whether there exist any set of values of parameters (a, b, c) for
which the system (1.1) is integrable. The main result is formulated in the following theorem.
Theorem 2.1. Huang–Li nonlinear financial model (1.1) is not B-integrable in the class of meromorphic func-
tions of variables (x, y, z) for all real values of parameters (a, b, c).
To prove this theorem we investigate variational equations along a particular solution and we
study their differential Galois group. This approach of finding necessary conditions for integrability
in a framework of differential Galois theory was mostly used in the context of Hamiltonian systems.
It is described by Morales–Ramis theory. Thanks to this approach many new integrable cases were
detected, see e.g., [24, 25, 18, 19]. For a general introduction to differential Galois theory as well
as Morales–Ramis theory please consult the papers [26, 21, 17]. Although the system (1.1) is not a
Hamiltonian, some parts of of the described differential Galois approach to its integrability study
can be adopted. The key implication is following. If a system (1.1) has functionally independent
meromorphic first integral, then the differential Galois group of variational equations along a partic-
ular non-equilibrium solution has a rational invariant. The first applications of the differential Galois
theory to non-Hamiltonian systems the interested reader can find in [16, 23].
Originally, the Morales–Ramis theory was formulated for Hamiltonian systems for which we
identify integrability as the integrability the Liouville sense. However, if we restrict ourself to B-
integrability, then we have a elegant generalization of this theory. Namely, with the system (2.1)
we can also consider its cotangent lift, i.e., a Hamiltonian system defined in C2n with the following
Hamiltonian function
H =
n
∑
i=1
pivi(x), (2.3)
where x = (x1, . . . , xn) and p = (p1, . . . , p2) are canonical coordinates defined in a symplectic man-
ifold M = C2n. In a recent paper [1] Ayoul and Zung shown that if the original system (2.1) is
integrable, then the lifted system generated by the function (2.3) is integrable in the Liouville sense.
Hence, for both Hamiltonian and non-Hamiltonian systems, we have the same necessary integrability
condition, i.e., the identity component of the differential Galois group of variational equations must
be Abelian. We summarize the above facts by the following theorem that gives necessary integrability
conditions for non-Hamiltonian systems.
Theorem 2.2. (Ayoul–Zung) Assume that the system (2.1) is meromorphically B-integrable, then the identity
component of the differential Galois group of variational equations along a particular non-equlibrium solution
is Abelian.
4
2.1. Proof of Theorem 2.1
The system (1.1) possess the invariant manifold
N =
{
(x, y, z) ∈ C3|x = z = 0
}
. (2.4)
Indeed, equations (1.1) restricted to N read
x˙ = 0, y˙ = 1− by, z˙ = 0. (2.5)
Hence solving this equations, we obtain our particular solutionϕ(t) = (0, y(t), 0). Let X = [X,Y,Z]T
denotes the variations of x = [x, y, z]T , then the first order variational equations alongϕ(t) take the
form
d
dt
X = A(t)X, A(t) =
∂v(x)
∂x
(ϕ(t)), (2.6)
where the matrix A(t) is given by
A(t) =
y− a 0 10 −b 0
−1 0 −c
 .
Since the particular solution corresponds to a motion along y-axis, the equations for X and Z form a
subsystem of the normal variational equations that can be rewritten as a one second order differential
equation
X¨+ (a− c− y)X˙+ (ac+ (b− c)y)X = 0. (2.7)
Next, by means of the change of the independent variable
t −→ z = −1+ by(t)
b2
, (2.8)
and using chain formulae for transformation of derivatives
d
dt
= z˙
d
dz
,
d2
dt2
= z˙2
d2
dz2
+ z¨
d
dz
,
we can rewrite equation (2.7) as
X′′ + p(z)X′ + q(z)X = 0, (2.9)
where prime denotes derivatives with respect to z. The explicit form of the coefficients p(z) and q(z)
are the following
p(z) = 1+
1+ b(b− a− c)
b2z
, q(z) =
b− c+ abc
b3z2
+
b− c
bz
. (2.10)
The classical change of the dependent variable
X = w exp
[
−1
2
∫ z
z0
p(s)ds
]
, (2.11)
transforms (2.9) into its reduced form
w′′(z)− r(z)w = 0, r(z) = 1
2
p′(z) + 1
4
p(z)2 − q(z), (2.12)
with coefficient r(z)
r(z) =
1
4
− d+ b
2
2b2z
+
d2 − b4 − 4b2
4b4z2
, (2.13)
where
d := ab− bc− 1. (2.14)
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In equation (2.12) with the coefficient r(z) given above we immediately recognize the Whittaker equa-
tion
w′′(z)−
(
1
4
− κ
z
+
4µ2 − 1
4z2
)
w(z) = 0, (2.15)
with
κ :=
d+ b2
2b2
, µ :=
√
d2 − 4b2
2b2
. (2.16)
This equation has one regular singularity at z = 0 and one irregular at z = ∞.
Here we should underline one significant fact. Namely, the respective transformations (2.8) and (2.11)
change in general a whole differential Galois group of variational equations (2.6). However, the clue
is that they do not affect to the identity component of the group, see e.g., [21]. Thus, according to the
Theorem 2.2, in order to prove a non-integrability of our original nonlinear system (1.1) it is enough
to show that the identity component of the differential Galois group G of variational equations (2.6)
and thus its rationalized-reduced form (2.12) is not Abelian. Necessary conditions for abelianity of
the identity component of the differential Galois group of the Whittaker equation are the following.
Theorem 2.3. The identity component of the Galois group of the Whittaker equation (2.15) is Abelian if and
only if the numbers (p, q) defined by
p := κ + µ− 1
2
, q := κ − µ− 1
2
(2.17)
belong to (N×−N∗) ∪ (−N∗ ×N).
For details see Subsection 2.8.3 given in [21]. According to this theorem the numbers (p, q) are
integer such that one of them is positive and other negative. Thus, its product pq should be always
negative. In our case, however, it is easy to verify that this condition cannot be satisfied. Namely, for
(κ, µ) given in (2.16), we obtain the following equality
pq = κ2 − κ − µ2 + 1
4
=
1
b2
, (2.18)
which cannot be fulfilled for b ≥ 0. This ends the proof.
3. Conclusions
Although the obstructions to integrability obtained by means of analysis of differential Galois
group of variational equations are one of the strongest known, the frequent obstacle in its applications
is finding a particular non-equilibrium solution for a given dynamical system. Even though it is a
some limitation, it is weaker than many of the assumptions required in other methods and the result
of application of this method is a non-integrability proof of the considered system finally ending
its analysis. Furthermore, if the system depends on certain parameters (e.g. masses, parameters
describing the forces acting on the system), then usually we can prove its non-integrability for almost
all values of parameters except some finite set of values. In this way the new integrable cases can be
found. We shown the application of this approach on the example of intensively studied nonlinear
financial model (1.1). We proved that this particular system is not integrable in the class of functions
meromorphic in variables (x, y, z) for all values of parameters (a, b, c). However, it seems that many
others different economical and financial models are waiting for such kind of analysis. It is an open
problem.
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